
\wf I

NASA TECHNICAL

MEMORANDUM

NASA TM X-64653

N72-22974 ]

Unclas
24995

PRESENT-VALUE ANALYS IS: A SYSTEMS APPROACH TO
PUBLIG DECISIONMAKING FOR COST EFFECTIVENESS

By Theodore T. Herbert
Program Development

August 20, 1971

NASA

George C. Marshall Space Flight Center
Marshall Space Flight Center, Alabama

MSFC - Form 3190 (Rev June 1971)

...
.. '\",\",,"

Reproduced by

NATIONAL TECHNICAL
INFORMATION SERVICE

U S Deportment of Commerce
Springfield VA 22151

"



NOT ICE

THIS DOCUMENT HAS BEEN REPRODUCED FROM THE

BEST COpy FURNISHED US BY THE SPONSORING

AGENCY. ALTHOUGH IT IS RECOGNIZED THAT CER-

TAIN PORTIONS ARE ILLEGIBLE, IT IS BEING RE­

LEASED IN THE INTEREST OF MAKING AVAILABLE

AS MUCH INFORMATION AS POSSIBLE.



TECHNICAL REPORT SOT

3292 (May 1969)

TANOAR ITLE PAGE

1. REf'ORT NO. 2. GOVERNMENT ACCESSION NO. 3. RECIPIENT'S CATALOG NO.

NASA TM X-64653
4. TITLE AND SUBTITLE 5. REPORT' DATE

Present-Value Analysis: A Systems Approach to Public August 20, 1971
Decisionmaking for Cost Effectiveness 6. PERFORMING ORGANIZATION CODE

PD-Pp-R
7. AUTHOR IS) B. PERFORMING ORGANIZATION REPORT"

Theodore T. Herbert
9. PERFORMING ORGANI ZAT ION NAME AND ADDRESS 10. WORK UNIT NO.

George C. Marshall Space Flight Center
Marshall Space Flight Center, Alabama 35812 11. CONTRACT OR GRANT NO.

13. TYPE OF REPORT & PERIOD COVERED

12. SPONSORING AGENCY NAME AND ADDRESS

National Aeronautics and Space Administration
Washington, D. C. 20546 Technical Memorandum

14. SPONSORING AGENCY CODE

15. SUPPLEMENTARY NOTES

Prepared by Program Planning Office, Program Development

IHi. ABSTRACT

Present value analysis is an analytical tooli which furnishes inputs for the decision-

making process, Decisiopmakers within Governmental agencies and Congress must somehow !
evaluate competing (and sometimes conflicting) proposals which seek funding and implementatioI .
These evaluations are typically done on a basis of estimated costs, which consider only the di-
rect, out-of-pocket charges to be disbursed,. as they impact a particular organizational unit.

Present-value analysis can be an effective decisionmaking tool by enabling the formal
evaluation of the effects of competing proposals on efficient national resource utilization.
A project's costs are not only its direct disbursements, but its social costs as well. How
much does it cost to have those funds diverted from their use and economic benefit by the
private sector to the public project?

While obviously not the only effective decisionmaking input, comparisons of competing
projects' social costs allow decisionmakers to expand their decision bases by quantifying the
projects' impacts upon the economy and the efficient utilization of the country's limited
national resources.

A conceptual model is established for the choosing of the appropriate discount rate
to be used in evaluation decisions through the technique.

17. KEY WORDS lB. DISTRIBUTION STATEMENT

Cost effectiveness, cost analysis, present- Unclassified-Unlimited
value,. discounting, systems analysis, decision

~~
making

Director, Program Planning Office
19. SECURITY CLASSIF. (<>1 this report) 20. SECURITY CLASSIF. (of this pege) 21. NO. OF PAGES 22. PRICE

Unclassified Unclassified 48 $ 3.00

!dSFC - Form

I
(



BIOGRAPHICAL SKETCH

Theodore T. Herbert

Participant in the Faculty Summer Program at George C. Marshall Space­
flight Center, June 2-August 20, 1971. Attached to the Engineering Cost
Group of the Program Planning Office, in the Program Development
Directorate.

Assistant Professor of Management, Department of Business Administration,
The University of Texas at Arlington, Arlington, Texas. Doctorate from
Georgia State University; previous education at Georgia Institute of Technology
(Industrial Engineering) and Georgia State University (Business Adminis­
tration) .

Prior work experience in the Regional Engineering Headquarters of Western
Electric (Atlanta) and the Traffic Safety Engineering Department of the
State Highway Department of Georgia (Atlanta) .

ii



I.

II.

TABLE OF CONTENTS

INTRODUCTION .

OVERVIEW OF PRESENT-VALUE ANALYSIS .

Page

1

2

A.
B.
C.

D.
E.
F.

The Decisionmaker's Quandary .
A Question of Which Level of Cost to Use .
Summary of the Project Evaluation Problems Facing
the Decisionmaker .
PV (Discounting) Analysis .
Strengths of the Present-Value Technique .
Weaknesses of the Present-Value Technique .

2

3

4
4

15
16

III. THE DISCOUNT RATE AND ITS EFFECT . 16

A.
B.
C.

Discount Rate, Return, and Investment .
What is the Interest Rate? .
What Interest Rate Should be Used? .

17
23
25

IV.

V.

COSTS TO BE INCLUDED IN PRESENT-VALUE ANALYSES

USING THE PRESENT-VALUE TECHNIQUE .
A. Calculating Present Values .
B. Calculating Equivalent Annual Values . . . . . . .. ..
C. Calculating PV and EAV of a Series of Future

Disbursements .
D. Calculating PV and EAV of a Future Series of

Disbursements .

28

28
29
30

31

31

APPENDIX A: PRESENT-VALUE AND EQUIVALENT-
ANNUAL-VALUE FACTOR TABLES. . . . . . . . . 33

APPENDIX B: COMPUTER PROGRAM TO CALCULATE PRESENT
VALUES AND EQUIVALENT ANNUAL VALUES.. 37

iii



Table

1

2

3

4

5

6

7

8

9

A-1

A-2

LI ST OF TABLES

Title

Comparison of Total Incomes From Options ....

Comparison of Net Outlay From Options .

Effect of Cost Options on Amount of Immediate
Investment Required .

Effect of Discount Rate on Amount of Immediate
Investment Required (r of 3 Percent) .

Effect of Discount Rate on Amount of Immediate
Investment Required (r of 10 Percent) .

Effect of Discount Rate on Amount of Immediate
Investment Required (r of 15 Percent) .

Effect of Discount Rate on Amount of Immediate
Investment Required (r of 20 Percent) .

Comparison of Immediate Investments Required
for Options, at Varying Interest Rates .

Changes in Preference Rankings for Options at
Different Interest Rates .

Present-Value Factors.

Equivalent Annual Factors ....

iv

Page

7

9

13

18

19

20

21

22

22

35

36



TECHNICAL MEMORANDUM X- 64653

PRESENT-VALUE ANALYS I S: A SYSTEMS APPROACH TO
PUBLIC DECISIONMAKING FOR COST EFFECTIVENESS

I. INTRODUCTION

Government decisionmakers have been concerned with the problem
of how to appropriately evaluate all alternative solutions to a problem. This
question assumes even more importance in view of the fact that, from a
national point of view, the resources available (manpower, money, machines,
and technology) to solve existing problems are limited.

National resources must then be allocated among the various govern­
mental programs. Each of these programs is (either explicitly or implicitly)
assigned a priority based on the program's contribution to the nation's goals.
High-priority programs are usually fully funded, while lower-priority pro­
gram funds are eliminated or cut from what was requested.

Each program's administrator is ultimately responsible for maximiz­
ing his program's contribution to national goals while minimizing drain on
national resources. This is done by determining and recommending the
most cost-effective project in attaining a particular goal (solving a particular
problem) which supports the administrator's overall mission. A program
typically consists of a number of such projects. Should one or more of these
supporting projects be less effective than planned, the effectiveness of the
overall program is impaired.

A program that does not contribute sufficiently suffers a decrease
in funding. The administrator then must operate with reduced funds and still
maintain his capability to achieve his objectives as effectively and efficiently
as possible.

Before seeking funding, then, an important input to the administrator
is the evaluation of competing projects from the point of view of each pro­
ject's impact on the economy, the private sector (taxpaying individuals and
organizations, from which the funding is obtained), mission effectiveness,
and efficient use of funds. A project that is (from an administrative, scienti­
fic, or engineering viewpoint) sounder or more sophisticated than the other
projects with which it is competing could be disapproved; its greater costs,
for instance, might not be accompanied by benefits sufficiently greater than
those arising from its "cheaper" competitors to justify the extra expenditures.

An analytical tool known as "present-value analysis" is available.
The present-value (PV) technique allows the analyst to consider the impact



of the project under analysis on allocation of national resources and alter­
native uses of the funds required by the project. It further allows the direct
comparison of projects using the single criterion of present dollars.

The use of this analytical tool yields an added dimension of informa­
tion to the decisionmaker which, when added to other analyses, makes possible
the selection of the candidate project which fulfills its mission with the least
possible expenditure and least possible social cost for a given level of effect­
iveness.

One major reason that PV analysis has been regarded skeptically by
some is the very inclusion of national resource utilization in the analysis.
In addition, the human tendency is to analyze a problem primarily as it
directly affects the analyst and his organization and subordinate or ignore the
impacts on others (even if these others are the Nation as a whole). When
these "external" impacts are factored into the analysis as independent var­
iables, some may regard the dependent variable (the PV input to the decision­
making process) as largely irrelevant.

It is, of course, extremely valuable to formally consider questions of
national resource allocation in public deeisionmaking. Subjective perception
to the contrary, the Nation's resources are not unlimited and must consciously
be used as effectively and efficiently as possible. PV analysis allows these
issues to be formally addressed.

The following treatment is intended to furnish a conceptual introduction
to an element of cost analysis and cost effectiveness. This subsector is known
as PV analysis and can furnish an added analytical dimension to the decision­
maker.

Specific illustrations are furnished in Section V on practical a(J~lications

of the technique. The cost analyst and/or decisionmaker can use this volume·
as a resource, conceptual overview and introduction, and operational manual.

II. OVERV lEW OF PRESENT-VALUE ANALYS IS

A. The Decisionmaker's Quandary

Typically, the decisionmaker (within agency or Congress) must decide
among several different solutions to a problem. If, for example, the problem
consists of placing payloads in earth orbit, the decisionmaker might have to
decide among several feasible launch vehicles. Any of these vehicles might
have the capability of fulfilling the mission (placing the payloads in orbit) .
Since the candidate vehicles have different characteristics and are at differing
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stages of development or operation, some common denominator is sought
for comparing the alternatives. The common denominator for a future space
program is usually that of the dollars involved in each vehicle's fulfill ing the
mission. Given the equal capability of alternatives to fulfill the mission,
the project having the least costs associated with it is typically considered as
being the best of the candidates.

Unfortunately for the decisionmaker, however, the criteria upon
which he bases his choice are more complex than is immediately obvious.
How does one, for example, equate projects which have different estimated
time spans in which the mission is fulfilled? Or projects whose patterns of
funding requirements differ drastically? Or projects whose risks of failure
are significantly different?

B. A Question of Wh ich Level of Cost to Use

Compounding the problem is the problem of which costs the decision­
maker must consider in his analysis. One's pragmatic answer might well
be that costs are costs and the total dollars required for each project should
be the decision criterion.

The question might then be restated: Costs to whom? The decision­
maker should, of course, be concerned with the dollar impacts of each
candidate project upon his unit, whether it be an office or an agency. He
must also remember that his unit does not exist in a vacuum, independent
of other units. The actions taken within or by any unit affect the surrounding
units. This phenomenon is akin to the dropping of a pebble into a still pond;
the resulting ripples extend over a much larger area than that first affected
by the pebble.

In a similar fashion, a unit's commitment to spend X dollars to solve
a problem at the unit's level may have far-reaching consequences. The
organization (of which the unit in question is but one part) probably operates
with a specified budget which must be allocated among its units. Unplanned
expenditures would seriously impair the ability of the entire organization to
function effectively by decreasing the funds available to meet overall organ­
izational goals. This process could be extended indefinitely. Ultimately,
one could trace the impact from a rather small public (governmental) unit
to the entire private sector. The unit's commitment was to spend not only
its funds, but those of the ultimate source of those funds - the private
sector, taxpayers.

When the private sector must furnish the project funds, the project
should be compared to the uses of the funds if they were not appropriated.
The assumption (and rationale) is that a public project should not be funded
if it costs more than its private usage, or if the public benefits from the
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project are less than the -benefits which would result from its use in the
private sector.

Since the impact of the decision is ultimately broader than its immediate
effect upon the operating unit, the decisionmaker must take recognition of
the different types and levels of costs that are involved. The traditional costs
(direct expenditures; out-of-pocket costs) are important for their impact
upon the unit and the organization to which it belongs. The "sociai oppor­
tunity" cost can~ot be ignored; the use to which the private sector would
have put those funds is just as important an input to the decisionmaker.
Efficient national resource utilization must be an element considered in
each public-sector investment decision.

c. Summary of the Project Evaluation Problems
Facing The Decisionmaker

The projects under consideration may be as follows:

1. Characterized by different patterns of dollar flow.

a. Projects may require different lengths of time to achieve
the mission.

b. Projects may be characterized by different timing of dollar
flows; e. g., some may require relatively early large expenditures while
others may require large expenditures relatively late in the project life.

2. Vying for limited funds which must be allocated among the
missions.

3. Vying for limited funds which may be more efficiently utilized
if left in the private sector; i. e., not appropr iated through taxes.

4. Contribute to goals of less importance to the Nation as a
whole than the goals of other projects. These other projects may be either
in the public or private sector.

D. PV (Discounting) Analysis

The PV technique for evaluating alte~native projects is an extension
of other analytical methods. As inputs to the decisionmaking process , cost
analysis methodologies are oriented strictly toward determining and comparing
costs within a closed system. Using these typical tools, for example, the
cost analyst will determine funding projections, total and unit costs, and cost
per unit of effectiveness for alternative projects. Each of these measurements
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provides pieces of the picture which compares the projects under consider­
ation, investigates objectives attained, and other impacts as they directly
relate only to a subsystem within the entire socio-politico-economic system
known as the United States of America.

These analytical exercises allow then a subsystem (e. g., a branch,
department, agency, etc.) to attain its goals with optimum effectiveness.
While the effects of a subsystem's choice of action upon the entire system
may be referred to, an analytical tool has not heretofore been available to
objectively consider and quantify the impact of a particular choice 6f action
upon the entire system - in this case, the Nation as a whole.

1. Cash Prize Example. To introduce the PV concept, consider
which one of the following prizes you would choose to receive, if you were
;given the opportunity by winning a contest.

1. $ 100 immediately.
2. $ 100 one year from now.
3. $ 55 now and $ 55 one year from now.
4. $ 25 now and $ 25 at the end of each of the next 4 years.
5. $ 200 ten years from now. 1

It is likely that different persons would make different choices,
but among the factors which would enter into the decisions of most
people would be their current need or desire for money, expectations
about inflation, and investment opportunities available for earning
a return on money. These are the primary factors which result in
money having what is known as "time value." The value of a dollar
depends upon the time it is received. A dollar today is worth more
than a dollar next year '. and that dollar in turn is worth more than
a dollar two years hence. Today's dollar exceeds the value of next
year's dollar by at least the interest that could be earned on the
dollar if it were put in a savings account for one year. Thus, if a
savings bank pays 5 percent interest, a dollar today is worth at
least as much as $ 1. 05 a year from now.

Because of this time value of money, we cannot directly com­
pare dollar amounts received at different points in time . Such dollars

1. This list of options is taken from "The Time Value of Money: Interest
Formulas and Computations, " by Jerome D. Wiest, p. 1, Humble Oil
Company, Humble Marketing Education-Investment Analysis, undated.
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6

are different from each other, just as apples and avocados are
different. We cannot directly add or subtract dollars received at
several different times any more than we can add apples and avocados,
unless we find an equivalence measure - a way of converting dollars
at one point of time to their equivalent value at another point of time.

In the example first cited, you have the problem of comparing
alternate prizes in which the dollars are received over various
periods of time. You can easily eliminate choice 2, since 1 is for
the same amount but is available a year earlier. Even though the
dollar amounts are the same, prize 1 has greater time value than
prize 2, since the former could be invested and earn interest over
the year. Prizes 3, 4, and 5 are not as eas ily compared. Pr ize 5
is largest in actual dollars ($ 200) , but 10 years is a long time to
wait for it. You may well prefer $ 100 today. Prize 4 totals $ 125
and exceeds prize 3's $ 110, but the former spreads over a longer
time span. All three of these exceed the amount of prize 1, but the
latter has the largest sum available immediately.

Somehow you must find a way of making the different sums
more directly comparable. For example, consider prize 3: if you
could change the $ 55 received a year from now to an equivalent
value at the present time, then you could add it to the $ 55 received
now and see if the total is worth more than $ 100 of prize 1. Similarly,
if you could find the equivalent in today's dollars of $ 25 per year for
4 years, or of $ 200 ten years from now, you could compare prizes 4
and 5 with prize 1 (and with each other). Since a dollar in the future
isn't worth as much as a dollar today, in some way you must reduce
future dollars to ·find their present equivalent. The amount of reduc­
tion depends upon the rate of return we are able to obtain in the best
investment available ("best" in the sense of highest expected return
on investment, all risks considered). The higher the returns, the
more valuable are present dollars as compared to future dollars. 2

Table 1 shows an approach to the problem. The time span for the
decision impact is based upon the year in which the last direct cash payment
of the options may be received.

All alternatives are then compared over the time span paced by the
cash receipt of $ 200 in the 10th year. Assuming a 5-percent bank interest
rate, one may compute the totpJ cash impact of each option. Thus, for Option 1

2. ibid., pp.1 and 2.
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($ 100 immediately), in the year after receipt of the $ 100 one earns
$ 5 interest. 3 Leaving that interest in the account, the next year one would
receive $ 5.25 interest (5-percent interest on both the $ 100 principal and
the $ 5 accrued interest). In similar fashion, the interest earned each year
is computed. At the end of the time frame, the total interest accrued under
Option 1 ($ 62. 89) is added to the direct cash-prize of $ 100 for a total cash
impact of $ 162.89.

The total cash impacts of each of the other options are der ived by
following the same technique. The option with the largest total cash impact
figure would probably be the one the contest winner should choose, all other
things being equal. Thus, Option 5 ($ 200 ten years from now) yields the
greatest cash impact; from an economic and rational point of view, that option
should be chosen.

The point may be made that many contest winners would choose an
option other than that demonstrated to be economically optimum; immediate
gratification of desires and needs may be deemed more important than long­
run economic optimization.

It must be remembered, however, that the calculations above did
not attempt to make the decision for the contest winner; only the winner can
decide. Analysis can only furnish objective inputs, upon which the decision­
maker may base his choice. The extent to which these inputs are relied upon
is not a function of the analysis.

One should notice that, in the analysis above, the interest available
from each option plays an important part. Whether the winner elects
to accrue that interest is, again, beside the point. The accrual of interest
is available; the actual choice to exercise the accrual is outside the scope
of the analysis and recommendation.

2. Cash Payment Example. The principles behind the contest example
are as readily applicable to costs (outgo) as they are to revenues (income) .
Table 2 shows the same problem with one fundamental change: instead of
receiving cash in specified years, one must now decide which option to choose
in paying out cash. One may elect to pay one of the following:

3. This example assumes the prize to be awarded at the beginning of the
year with interest earned at the beginning of the next year.
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1. $ 100 immediately.
2. $ 100 one year from now.
3. $ 155 now and $ 55 one year from now.
4. $ 25 now and $ 25 at the end of each of the next 4 years.
5. $ 200 ten years from now.

Which choice should be made?

In the cash prize example, the choice between dissimilar amounts
of money was complicated by the dissimilar timing of their receipts. There,
the solution was pointed to by considering the total of the cash received plus
the amount this cash would earn upon investment. Because of the effect of
time upon earnings from investment, an option whose absolute direct cash
value was less than another's might be chosen. The investment of the former's
cash could conceivably accrue to an extent such that the total of its cash plus
earnings would exceed that of the other option.

The present expenditure example in a similar fashion considers, in
addition to direct cash outlay, the effect of the timing of the outlay. In Option
1 (Table 2), one pays $ 100 immediately; no investment opportunity exists
for the payor with that $ 100. In Option 2, however, by delaying payment
of the $ 100 for 1 year, one may invest that amount (at the assumed 5-percent
rate) until the $ 100 is due. In the first year, a return of $ 5 can be realized
on the investment. Withdrawing the $ 100 to pay the debt still leaves the $ 5
available to accrue interest on itself over the decision period. Interest is
drawn on the original return (left to accumulate more interest) until a total of
$ 7.76 is accrued. Then, the out-of-pocket impact of Option 2 is $ 92.24
(the $ 100 disbursement minus the $ 7.76 interest earned). One might
rationally consider this to be a superior alternative to Option 1, whose
direct cash impact was that of an outlay of $ 100 rather than a net outlay of
only $ 92.24.

Similarly, with Option 3 one pays $ 55 immediately but the remaining
$ 55 (the deferred payment) may be invested until it is due. Once again the
return from this investment is left to accrue interest on itself after the
second payment is withdrawn. Option 3 requires a direct cash outlay of
$ 110 while affording the opportunity to return $ 4.27 as interest. Then,
this option costs only $ 105.73. When compared to the preceding alternatives,
however, Option 3 seems inferior as the others "cost" still less while satis­
fying the debt.

10



A more complicated problem, Option 4, follows the same principles.
The alternative of paying $ 125 in five payments costs only $ 106.51 when
the interim returns from the dollars earmarked for future expenditure ate
considered.

Option 5 allows the deferral of payment for 10 years, but $ 200 must
then be paid. Investing that $ 200 in the meantime and allowing the interest
to accrue, however, has a great impact upon the decision. Despite the
relatively great size of the required payment, interest of $ 125.78 accrues
so that the option actually costs only $ 74.22. This net outlay is by far the
least of any option, suggesting its superiority, other things being equal.

3. Time Value of Money. These examples show that (to paraphrase)
all dollars are not created equal. The timing of their receipt (or disburse­
ment) directly affects their value. A dollar due in the future has less value
to the creditor than one due immediately. Conversely, a dollar due in the
future has more value to the debtor than one due immediately. The reason
may simply be stated as the use to which the amount may be put by the
parties affected.

A debtor may invest the amount owed until it is due, thereby lessening
the out-of-pocket impact of the disbursement. This requires, however,
that the creditor be forced to sacrifice the return he could have made had
this amount been due immediately. The value of present and future dollars,
accordingly, varies.

4. Present Values and Social Costs. These examples have illustrated
one perspective from which to consider evaluation decisions. The concept
has been establLshed that, indeed, the timing of money is important; a
further step may be taken to simplify and systematize evaluation decisions
while reflecting the impact of the time-value-of-money concept.

The public decisionmaker is rightly concerned with alternative pro­
jects as they (for example) demonstrate peak funding requirements, total
funding demanded, etc. These items are relatively easy to quantify.

What is less explicitly an input into the decisionmaking p!'ocess is
the ability and willingness of the Congress (and the people) to make
the investment in one of the projects which will fulfill the mission.

An analogy may be readily drawn. The creditor who was trying
to decide in which manner to pay a debt is similar to Congress. Congress

11
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(representing the people) tries to evaluate projects and programs in the light
of the best way to achieve national goals with limited resources and with
minimum negative consequences upon the Nation as a whole.

The program administrator obviously should subject his alternatives
to the same types of criteria. In so doing, he explicitly recognizes the
social costs associated with his mission. Costs are considered from the
point of view of the society rather than from largely parochial viewpoints.

One way in which this social view of costs may be incorporated into the
analysis is by way of extending the cost example of Table 2. Instead of
investing funds in a bank, the private sector (individuals and organizations
who must pay through taxes the debt called for by acceptance of a project)
invests its idle funds in the economic system. The economic system contains
many individual investment opportunities (such as banks, stocks and bonds,
capital equipment, etc.). Suffice it to say that the private sector's idle
funds are typically put to work in ways so as to generate returns (interest)
from these investments.

Should one know the timing and amount of disbursements required
by alternative projects, the problem of minimizing the required investment
may be addressed. If a taxpayer is required to payout $ 1 immediately, he
is deprived of that dollar, its use, and what it could have bought.

If, on the other hand, he is required to pay $ 1 a year from now,
he may invest 95.2 cents now, earn 4.8 cents (assuming the 5-percent
interest rate), and thereby pay the dollar next year. The deferral of the
$ 1 payment by 1 year saves the taxpayer 4. 8 cents.

Deferring payment of that dollar another year enables the taxpayer
to invest 90.7 cents now and accumulate 9.3 cents of interest over the next
2 years. The first year he earns 5-percent on the 90.7 cents (4. 5 cents
interest), and the second year he earns 5-percent on 95. 2' cents (by leaving
the first year's interest to accrue further interest) or 4.8 cents interest.
Deferring payment of the dollar 2 years saves the taxpayer 9.3 cents.

Table 3 illustrates the use of the concept by applying it to the cost
example of Table 2. The contest analogy will be dropped in favor of the
private-sector analogy.

Under Option 1, the private sector must pay $ 100 in taxes
immediately. Taxpayers may be thought of as investing $ 100 for no time
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(and no interest), then making the required payment. This option costs
(out-of-pocket) $ 100. No savings through interim investment are possible.

Option 2 allows a i-year interim investment (by deferring the $ 100
payment) ; $ 95.24 is the balance immediately required to obtain $ 100
1 year from now. Interest of $ 4. 76 is earned, so that the present value
of $ 100 a year from now is $ 95. 24.

The third option combines the characteristics of the first two. An
immediate disbursement (of $ 55) and one a year from now are required.
The private sector can invest $ 107.38 and immediately withdraw $ 55 for
the first payment; $ 52.38 is left to earn $ 2. 62 interest, whereupon that
$.55 is withdrawn to make the second payment.

Similarly, investing $ 113.65 allows the disbursement of four annual
payments of $ 25 each, commencing immediately, in Option 4. The immediate
withdrawal of $ 25 leaves $ 88.65 to earn interest. In the first year, $ 4.43
is earned, giving a total of $ 93.08, and the second payment is made from
this, leaving $ 68.08 invested. In the second year, $ 3.40 is earned, giving
a total balance of $ 71. 48. The third disbursement leaves $ 46.48 available
to draw interest of $ 2.32 during the third year, giving a total of $ 48.80.
Continuing this process leaves the final disbursement exhausting the invest­
ment accbunt.

For Option 5, investing $ 122.78 over 10 years accrues $ 77.22 interest.
The total of these sums is sufficient to make the $ 200 disbursement in the
10th year.

The investments referred to above are the aggregated day-to-day
routine investment of the private sector of the economy. Given equal tax
appropriations due at different points in time, for mutually-exclusive projects,
the private sector ,can better afford the later taxes because of the longer
private usage of the funds; the out-of-oocket imoact of the appropriation is
thereby diminished, resulting in a (in effect) cheaper project even though
actual costs may not differ between projects.

From this, one may deduce the appropriateness of the term "present
value" as it is applied to the residual of the required disbursement over
the interim return earned. The value, at the present, of a future disburse­
ment is the amount required for immediate investment such that the sum of
the investment and its accrued interest just equals the amount of the required
disbursement when due.



This PV concept is readily applied to evaluation decisions. The
project with the lowest PV is the project which requires the private sector
to pay the lovyest net amount of money. This net amount derives from the
private sector's ability to invest this amount in inself, earn returns, accumu­
late compounded interest, then pay the principal and accrued interest when
the disbursement is scheduled.

E. Strengths of the Present-Value Technique

Remembering that the PV technique functions as one tool in the
decisionmaker's analytical kit, the stren~hs of the technique may be
summarized as follows:

1. Allows alternative projects to be directly compared in terms
of equivalent dollars (dollars today, with the compli.cating effect unravelled
of dollars at different points in time) .

2. Reduces differing characteristics of projects to their lowest
common denominator - today's dollars.

3" Consciously considers the impacts of the proposed projects
upon the Nation's economy.

4. Consciously considers the impacts of the proposed projects
upon the private sector from which the funding ultimately derives.

5. Provides a framework for summarizing and presenting the
results of analyses pertinent to the problem.

6. Furnishes decision emphases which differ appropriately with
hierarchial level of the decis ionmaker (e. g., the cost analyst can make
relatively low-level decisions on the promise of further efforts on a project;
an agency administrator can choose among different approaches to a
problem, involving millions of dollars, based on their impacts on national
resources) .

7. Allows future cost estimates less and less immediate impact
on the decision, the further away in time the estimates are. Since the
validity of cost estimates decreases as the time span over which they are
made increases, this lessened impact on the decision by less credible esti­
mates is appropriate.
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8. Forces the analyst/decisionmaker to carefully establish
objectives, performance criteria, specific schedules, cost and forecasting
data, and items pertinent to the decision itself; i. e., excluding from the
analysis irrelevant data.

F. Weaknesses of the Present-Value Technique

A phenomenon typically occurs when a new, not-well-understood
technique is referenced. Characteristics are attributed to the technique
and its end-product results which range far from the true nature of the tool.
Typical reactions range from considering it to be the ultimate, all-·
encompassing device to dismissing it as totally irrelevant. The true nature of
any analytical advance is somewhere in between. Familiarity with the
technique, its objectives, and its constraints and limitations allows intelli­
gent usage of the technique. Some of the important weaknesses of the PV
analys is are as follows:

1. Fairly difficult concept to underst::md and/or accept, especially
when the analyst/decisionmaker has been trained to deal with real costs
( i. e., those costs which pertain directly and only to the specific problem
addressed rather than considering the wider impacts of the solution) .

2. Contributing to 1. above is the invisibility of the costs
considered in the PV analysis. Although these costs physically exist,
the specific decisions which gave rise to them may be masked by the
complexity of the economy.

3. Modifies a common concept dollar into a slightly different
measure.

4. Is not and cannot be used as the single decision input; PV
analysis is one of a range of analytical tools, each of which focuses primarily.
upon a specific element of the problem.

5. Is only as valid an analytical device as its inputs (forecast
costs and schedules) are sound.

"I. THE DISCOUNT RATE AND ITS EFFECT

Table 3 illustrates the amounts required now to yield the disbursements
associated with each option under consideration. This immediate investment

16



accrues a return (interest) until the disbursement date; the interest and the
investment principal are then withdrawn to make the scheduled payment,
leaving a balance of zero.

One might well ask the impact of the interest rate at which the prin­
cipal earns a return. Can the choice of the rate affect the decision? How
is the rate determined? What influences the appriopriate rate to use?

A. Discount Rate, Return, and Investment

Tables 3 through 7 show the effect that the choice of interest rate
has on the investments needed now (present values) to accumulate to the
total required by the several options; the differences arise from the fact
that the interest rate chosen determines the return for any year. When
larger returns (from larger interest rates) are allowed to accrue further
interest, a relatively small initial investment can quickly snowball.

The potential impact of changes in the discount rate on the present
value is seen by considering the equation which gives the present value
of a future disbursement. The discount rate is i, n is the number of years
hence that the disbursement is scheduled, and $ represents the amount of
the disbursement.

PV = ($ ) [ 1 J'
( 1 + i) n

An inverse relationship exists between the present value and discount
rate, which is magnified by the number of years hence the disbursement is
scheduled as an exponent. The rate chosen can have a powerful influence on
the analysis under consideration.

Direct comparisons of the initial investments required for the options
at differing interest rates are given in Table 8. For any given option (except
the first) the change in the immediate investment required is dramatic. For
Option 4, for example, with the low rate of return of 3-percent for interim
investment opportunities, $ 117. 93 is needed to fulfill the disbursement
schedule. As the rate increases, less and less is needed in year 0; at
20-percent, only $ 89.72 is required now to fulfill the disbursement
schedule.
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TABLE 8. COMPARISON OF IMMEDIATE INVESTMENTS
REQUIRED FOR OPTIONS, AT VARYING INTEREST RATES

Option Disbursement Investment Required, Discount Rate (%) of:

Number Required 0 3 5 10 15 20

1 100 100 100 100 100 100 100

2 100 100 97.09 95.24 90.91 86.96 83.33

3 110 110 108.40 107.38 105.00 102.8J 100.83
-

4 125 125 117.93 113.65 104.25 96.38 89.72

5 200 200 148.82 122.78 77.10 49.44 32.30

What practical effect does the choice of the interest rate make? Con­
sider the differences in preference for the options at the different interest
rates. At any given interest rate, the option with the lowest required immed­
iate investment (present value) is preferred, with the others being ranked
in order by their present values. Table 9 highlights these changes in prefer­
ences.

TABLE 9. CHANGES IN PREFERENCE RANKINGS
FOR OPTIONS AT DIFFERENT INTEREST RATES

Option Order of Preference at Interest Rate (%) of:
Number 0 3 5 10 15 20

1 1. 5(Tie) 2 2 3 4 4

2 1. 5(Tie) 1 1 2 2 2

3 3 3 3 5 5 5

4 4 4 4 \ 4 3 3

5 5 5 5 l 1 1 1
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For this set of alternatives to the problem, then, the decisionmaker
would order his preferences differently (except for the 3 and 5-percent rates)
- and sometimes drastically differently - according to the interest rate
chosen.

Figure 1 may help illustrate this phenomenon. At any particular number
of years hence, the present value of $ 1 changes with the varying interest rates.
The compounding of interest at different rates accounts for this. This is a
rather straightforward change in present values by interest rates. When dif­
ferent amounts of money are thrown into the calculation, the prior established
pattern can change drastically. Further complicate the process by placing
the disbursed amounts at different points in time, and extremely complicated
relationships derive.

Since the interest or discount rate can have such a profound effect
on the decision, the nature and determination of the rate might well be
cons idered .

B. What is the Interest Rate?

The interest (or discount) rate is the variable which equates a
future expenditure with a present investment. The accrued interest plus
the face value of the investment equal the amount to be disbursed when it
is due. Since $ 95.24 can be invested at 5 percent to allow the withdrawal
of all interest and principal next year so that a scheduled disbursement of
$ 100 may be met, $ 95.24 is the present value of $ 100, with a 5-percent
interest' rate for 1 year.

The following is a list of items which the interest rate reflects:

1. Investment opportunities given up by the restricting of
alternatives to be considered. Before the disbursement, an interim invest­
ment opportunity is assumed at a particular rate of interest; the project
costs to be incurred are then directly measured against these returns.

2. Risks and uncertainties inherent in the projects under
consideration. The rate of return demanded by the private sector increases
with the level of risk, which reflects a decrease in investment willing to be
made (builds in a risk-allowance or probabilistically weights returns for
an average expected return from that risk). In the public sector, risk
attaches to mission fulfillment and/or specific scheduled disbursements.
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High risk here means a low interest rate to penalize riskier alternatives by
forcing their present values of costs to be higher than comparable less risky
projects.

3. Priorities assigned to various missions. When the fulfillment.
of certain goals is ranked by preference or degI~ee of contribution to overall
objectives, this preference pattern can be built into the analysis of those
alternatives. A low interest rate means (all othe r things remaining equal)
a relatively high present value of costs associated with the project; this can
be takento reflect a relatively low priority for alternatives being implemented.
A high interest rate means a relatively low present value of the costs
associated with the project; this can be taken to reflect a relatively high
priority for that alternative's being implemented.

C. What Interest Rate Should be Used?

A matter of practical importance is the determination of the interest
rate to be used in evaluating alternative projects. However, since the
interest rate is a reflection of investment opportunities, risks, uncertainties,
and priorities, finding the correct interest rate is a difficult problem.

No equation exists which tells the analyst/decisionmaker the correct
interest rate to be used. The rate must be subjectively chosen, based
on considerations discussed above and on any other pertinent characteristics
of the specific alternatives under consideration, as well as the mission.

The typical analyst, of course, rarely faces the problem of choosing
an interest rate. Usually the rate is determined for him.

Circular Number A-94 (Bureau of the Budget, dated June 26, 1969)
requires discounting to be applied to all evaluations whose subsequent decision
for adoption is expected to commit the Government to a series of measurable
costs extending over 3 or more years and in cases of measurable benefits
or outputs that extend 3 or more years beyond the inception date.

The minimum rate to be used was then tied to the Water Resources
Council's rate which is related to the current yield on Government bonds.
(For FY 1970, this rate was 4 7/8 percent.)
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A rationale for establishing a typical range of rates between 5 and 10
percent for Governmental cost analyses may be based on findings that returns
on investments in the private sector may range from about 5 percent (Govern­
ment bonds or bank interest) up to about 13 percent (rate of return on capital
expenditures; e.g., plant and equipment). This would constitute a base from
which to adjust the discount rate before inclusion of the other factors mentioned
in the preceding section.

Sobin investigated returns to corporations and individuals; a weighted
average of these rates yielded a 6. 8-percent interest rate - a figure that
appears both plausible and realistic. 4 It should be emphasized that this base
figure can constitute a reasonable beginning to determining the appropriate
interest rate for a particular decision process. Returns have probably
changed in the private sector since Sobin's data were extracted; hence, the
6. 8-percent figure might well be adjusted to reflect current returns.

The establishment of the Water Resources Council rate of 4 7/8 percent
as a minimum figure for governmental use may certainly be open to serious
question, especially in view of the recognition that the interest rate appropriate
to a particular decision is the resultant of far more than the return to the
private sector.

Consider a worst-case example. In a depression similar to the one
of the late 1920's and early 1930's, a project may be proposed to Congress.
The proposal'might be to reclaim desert land in New Mexico for a total cost
of $ 1 billion, using new and untried reclamation techniques. Impact on GNP
or employment by either the project or its result would probably be m.inimal.

Although the project would probably be rejected out-of-hand by Congress,
trying to systematize, quantify, and make objective, the decisionmaking process
is important. Using a 4 7/S-percent figure (the minimum allowed) would, in
this case, seriously overstate the present value of this proposal. Certainly,
2 or 3 percent might be more appropriate when consideration is made of the
state of the economy, risks and uncertainties involved, and current national
goals and priorities ..

4. B. Sobin, "Some Interest Rate Aspects of Weapons Systems Investment
Policy, "Arlington, Va.: Institute for Defense Analyses, Weapons Systems
Evaluation Division, Research Paper P-171, February 1965, p. 62.

26



By contrast, President Kennedy'.s 1961 establishment of a high national
priority on the moon effort by NASA could well have been reflected by an inter­
est rate associated with this program of perhaps 15 percent. The decision
must be examined against the backdrop at that time of the state of the economy,
risks, uncertainties (balancing technological uncertainties against the risks
involved in not achieving at least space equality with the USSR), and national
goals and priorities. All of these elements were determining factors in what
amounted to a mandate by the people, culminating in the implementation of
the people's will by a formal high-priority investment decision by the Presi­
dent.

Thus, while the vast majority of governmental interest rates would
probably lie between 5 and 10 percent anyway, exceptional cases will occur
which would call for rates outside this range. Most proposals calling for
interest rates below the currently established minimum would never get to
the decision stage; however, those that do should not have their present values
overstated by the artificial floor established.

If one is to determine the interest rate to be used, the following
general steps may be helpful:

1. Use as a baseline the current Water Resources Council rate
(approximately 5 percent) .

2. Consider the current state of the economy (high private
investment opportunities pushes the discount rate up) .

3. Subjectively evaluate the risks and uncertainties in the
overall mission and its competing projects. Relatively high risks and
uncertainties push the rate down; low risks and uncertainties push the
rate up.

4. Consider national goals and priorities. If the mission is
supported by a national mandate, the discount rate rises. Lack of support,
interest, or contribution to national goals implies a decline in the discount
rate to penalize the mission with high present value of costs.

5. Examine the overall pattern thus subjectively established.
Choose a rate that seems to reflect in one number the findings of the
other steps.

6. Perform sensitivities about this number to ensure that signi-
ficant changes do not occur in the analysis because of the choice of the discount
rate.
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IV. COSTS TO BE INCLUDED IN PRESENT-VALUE ANALYSES

The cost analyst's job is often difficult in the area that would seem
to be of minor effort - determining the relevant costs to be included in the
analysis.

How are inherited assets accounted for? What types of allocation of
support costs should be made? How much amortization is appropriate?
These questions are typical of general issues that are important in generating
valid analyses.

Almost all questions of which cost elements should be included in the
analytical evaluation of alternative proiects mav be answered with one
principle: Consider only those costs which would occur as a direct result
of a decision to implement the project. An extension of this principle is to
consider only those costs which require an outlay of cash.

Facilities that exist before the choice of a project, and which would
be used by the project, are not included in the analysis. No disbursement
(cost) is incurred for these facilities by the decision (assuming rent or
other actual and direct charge is not levied upon the project by an outside
agency which would require an outlay of funds). In deciding among mutually
exclusive alternatives, the analyst must remember the responsibility of the
decisionmaker. He tries to maximize benefits while minimizing outlay. ,
Including artificial charges (i. e., charges not representative of the actual
outlays required) confuses the issue and may invalidate· the analysis.

By the same token, amortization (the spreading of initial costs over
time) is not included in the analysis. Depreciation, too, is merely a book­
keeping charge and represents no outlay, and thereby is irrelevant to the
decision.

V. US ING THE PRESENT-VALUE TECHN IQUE

For one to manually compute the present value of a future disburse­
ment is quite tedious. The task is rendered quite simple with the use of
tables. Appendix A consists of two such tables.

28



A. Calcu lating Present Val ues

Table A-1 contains present-value factors. Each entry represents the
present value of $ 1 at a particular discount rate and to be disbursed n years
in the future. The present value of $ 1, then, to be paid 1 year hence, and
with an interim investment opportunity of 5 percent, is $ O. 9524. Checking
this, 5-percent interest on $ O. 95.24 for 1 year is $ 0.0476; the principal
( $ O. 9524) plus the interest ( $ 0.0476) just equals the $ 1 scheduled to be
disbursed.

To use the table for amounts other than $ 1 the amount is simply
multiplied by the present value factor (PVF). Thus, the present value
of $ 100 to be paid out 1 year hence, and with an interim investment oppor­
tunity of 5 percent, is $ 100x 0.9524 or $ 95.24. Checking this, 5-percent
interest on $ 95.24 for 1 year is $ 4. 76; the principle ($ 95.24) plus the
interest ( $ 4.76) equals the $ 100 scheduled to be disbursed.

A useful characteristic of the present-value technique is its add'itive
and subtractive property. The present value of $ 200 for 1 year at 5 percent
is twice the present value of $ 100 for 1 year at 5 percent:

PV of $ 200 = (200) (PVF)= (2) (100) (PVF) =
2 [ (100) (PVF)] = 2 [PV of $100]

Similarly, the present value of, say, $ 100 is equal to the present value
of, say, $ 250 minus the present value of $ 150:5

(PVof $250) - (PVof $150) = (250) (PVF)- (150) (PVF)
=(250-150) (PVF) = (100) (PVF)
= (PV of $ 100) .

While the calculation of this present-value figure allows the derivation
of a useful decision data point, converting the present value to an equivalent
annual stream of disbursements may be helpful to the decisionmaker.

5. In this example, each of the disbursements is due in the same year
and has equal discount rates.
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B. CALCULATI NG EQU IVALENT ANNUAL VALUES

A figure conceptually easi.er for the analyst and the decisionmaker to
understand than the present value is the equivalent annual disbursement.

The equivalent annual value (EAV) takes the present value of a· future
disbursement and spreads it over the years from the decision date to the
disbursement date. The EAV is an equal annual stream of payments which
accrues interest on its declining balance. On the date scheduled for the
actual disbursement, the balance reaches zero with the final equal annual
payment. Table A- 2 contains the Equivalent Annual Factors (EAFs) for
computing EAV.

EAV allows comparisons among alternatives in terms of annual costs,
a relatively common measure. Even with the complication of the present ­
value concept inherent within the EAV technique, it is rather easy to under­
stand. The EAV of a $ 1 disbursement 5 years from now at 5. percent is
as follows:

1. Find the PV of the $ 1 to be paid 5 years hence, with an
interim investment opportunity of 5 percent:

PV of $ 1 = $ 1 x PVF = 0.7835 x $ 1 = $ O. 7835.

2. Find the EAV of the present value of the $ 1 disbursement
for 5 years at the 5-percent interest rate:

EAVof $ 0.7835 = $ 0.7835 x EAF= $ O. 7835 x 0.23097 = $ 0.18095.

Thus the equivalent annual value of $ 1 to be paid 5 years hence at
5 percent is 18. 1 cents. Checking this gives the following:

Year Balance + Interest

1 0.7835 0.0392
2 0.6417 0.0321
3 0.4929 0.0246
4 0.3366 0.0168
5 0.1724 0.0086
6 06

Payment

0.18095
0.18095
0.18095
0.18095
0.18095

6. Error due to rounding.
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C. Calculating PV and EAV of a Series of Future Disbursements

1. Determine the present value of a series of five annual payments
of $ 25, beginning 1 year from now with 10 percent interest:

PV of $ 25 (year 1) = $ 25 x 0.9091 = $ 22. 73
PVof $ 25 (year 2) = $ 25 x 0.8264 = 20.66
PVof $ 25 (year 3) = $ 25 x 0.7513 = 18.78
PVof $25 (year 4) = $25x 0.6830= 17.08
PVof $ 25 (year 5) = $ 25 x 0.6209 = 15.52

PV of the 5-year series = $ 94. 77

2. Determine the equivalent annual value of a series of five
annual payments of $ 25, beginning 1 year from now with 10 percent interest:

EAF for n = 5, 10 percent = 0.26380
EAV = EAF x PV = 0.26380 x $ 94.77

= $ 25.00

D. -Calculating PV and EAV of a Future Series of Disbursements

1. Determine the present value of a future series of annual
disbursements with 4 percent interest, as indicated below:

93oYear
.----------r-----r----.-----,--.---,

10 '
!+---------+-----t----r.----+----i
I

Disbursement $ 100 $ 25 $ 450 $ 300

PV of $ 100 (year 0) = $ 100 x 1. 00 = $ 100
PVof $ 25 (year 3) = $ 25 x 0.8890 = 22.23
PVof $450 (year !;l) =$ 450 x 0.7026 = 316.17
PVof $ 3.00 (year 10) = $ 300 x 0.6756 = 202.68

PV of the future series = $ 641.08

2. Determine the equivalent annual value of a future series
of annual disbursements with 4 percent interest, as above:

EAF for n = 10, 4 percent = 0.12329
EAV = EAF x PV = 0.12329 x $ 641. 08 = $ 79.04
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PRECEDING PAGE BLANK NOT FILMED

Computer Program Listing

i..;= I
IF (K- [1*3]] 16116,15

15 CONTINUE
16 DO 8 I=l,N

L=[l-1]*3+1
PRINT 61 [PCTCI\!IJ,PCHNI],NI=LiL+2J
COSTSM=C· .
DO 3 J-l,M
COSTSM=COSTSM+COST[J]

3 PRI'JT 5,J,COST [J], [FlV [JJ,J] ,PVC [.JJ,J] ,JJIIL'L+2]
5 FORMAT[lXI2Fl0.2,5X3[2F15.2,7X]]

PRINT 9,COSTS~

8 PRINT 10, [EQAN[J],J"LiL+2]
9 FORMAT(lX,F12;2]

10 FORMAT[//lX17HEQUIVALENT ANNUAL· 3(15XF15.2,7XJ]
GO TO 7
STi')P
END

Le.
D!MENSION COST[50],PVC12,50],PYC,12,SO],ANM[12],BCTC12]
DIMENSION EQAN[12]
READ 11,KdPCHI], I;,li12]

11 FORMAT[!2,12F~.3]

7 READ 4, M, [ANM [J] , J=l, 12]
4 FORHAT(I2,12A6]

PRI\lT 12, [ANH [J] 'J=l, 12]
12 FORMAT[lHl,///10X,12A6]

N"r,,/10+1
DO 13 J=l,N
JJ= [J-1J *10+1

13 READ 1,[CtlSTC lJ, I =JJ, JJ+9]
1 FORMAT[10F8.C]
6 FORMAT[//lX2HYR6X4HCOST4X3[7X5HPV[!=F4.3'12H] COM PV[!=F4.3,lHJ6X

1] ]
DO 2 I=l,K
PY[!,l]=COST[l]*[l./[l·+PCT[I]]]
PVC [l, 1) =PV [I, 1]
DO 2 J;;2,M
Py[I,J]=COST[J]*[l·/[l·+PCT[!] ].*J]
PVC[I,J]=PVC[l,J-l]+PV[I,J]

2 Co~;TIN!JE

DO 14 J"l,K
14 EQA~[J]"[PCT(J]*[l+PCT[J]]**M/[[l+PCT[J]]**~-l]].PVC[J,MJ

DO 15 1=1,4

II

=

"
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"

"

..

"

•

"

"

..

"

..

..

..

..

..

..

..

..

..

..

..

..

..

..

AASS!GN S.. MTO,S!=CR,B~=MT1,LO=LP.
AREW INO MH.
A FORTRAN Btl,
.. 1
.. 2
" 3
" 4
.. 5

" 6
" 7

8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43

..

. =

PROGRAM ALLOCATION

00014 COST
04750 PCT
05032 M

00160 PY
050GO EGAN
05033 J

02440 PVC
05030 K
05034 N

04720 ANM
05 031 I
05C35 JJ

05036 L.
T~E END

05037 0LI 05040 COSTSM
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PV And EAV Program Documentation

Card 1 - Input the nwnber of percents that will be used up be> and including 12
(Format 12). Then input in a format of 12F 6.3, the percents to be used.

Example-;- To use the percents of 0.05, 0.10, and 0.15 (input) .
/

05 /\., 100 150

uoooo 0 0000 00000 oooooooooooooooouoooooooooooooooooooooooooooooOOPooooo000000
113' 567 89~"~UI4U~"nnro~nn~~~Droro.Dn~~n~a~n~nag«a~0~g.~UU~~.H.~W~~~~~~~~~ron"n"nn"rere~

11111111111 11111 11111111111111111111111111111111111111111111111111111111111111

22222222222222222222222222222222222222222222222222222222222222222222222222222222

3 333333333333333333333333333333333333333333333333333333333333333333333333333333

44444444444444444444444444444444444444444444444444444444444444444444444444444444

555555 55555555555 5555555555555555555555555555555555555555555555555555555555555

66666666666666666666666666666666666666666666666666666666666666666666666666666666

1 77 77 17 77 7 77 1 77 77 17 7 7 77 777 7 71 77 7 1 77 7 77 7 77 77 7 117 17 7 717 17 17 7 7 77 777 77 77 1 77 11 77 1 77 11

88888888888888888888888888888888888888888888888888888888888888888898888888888888

99999999999999999999999999999999999999999999999999999999999999999999999999999999
, 2 3 4 5 6 7 8 9 10111113141516" 1819 2011211314151621181930313133343536313839 404H14344 4546414849 505151535455565158 59W6161 6364 6"667 6R6"01111731415 76 77181980

lBM~

Card 2 - Input the nwnber of years to discount in the first two colwnns
(Format 12) up to 50 years and the title of the case up to Column 74.

1~.

C"- BASELINE OPTIMIZED

uooooooooo 00000000 !JOO 00000000000000000000000000000000000000000000(000000000000
I 1 3 • 5 6 7 8 9 10" 1113141516" 19 1910211/;3 241516111819 303131333435363738 39 4041.2 43« 45464148.95051 5153 ~55 56 57 58 59 60 6161636465666168 6J ro 71 "n 7415 76" 18 7980

11111111 1111111111111111111111111111111111111111111111111111111111111111111111

2 222222 2 222222222222222222222222222222222222222222222222222222222222222222222

333333333333 333333 333333333333333333333333333333333333333333333333333333333333

444444444444444444444 444 444444444444444444444444444444444444444444444444444444

555j5555555 55 55555555 5555555555555555555555555555555555555555555555555555555

66666666666666666 66666666666666666666666666666666666666666666666666666666666666

1 77 77 77 17 717 17 7 77 7 17 7 1117 17 1 77 17 17 7 77 7 7 77 77 7117 11 77 717 11 77 77 1 77 77 77 1 7111 77 1 77 77

888 88 8888888 888 888888 8888 888 8888 8 888 88 88 88888 8888 8888888 8888 888 88898888 888 8 88881

9999999999999 999999 9 99999999999999999999999999999999999999999999999999999999
, 2 3 • 5 6 7 8 910" 11131. 1516" 1819 1021222324252621282930 3132 33 34353637 3839 4041.243«45460 48 49505152535.55565758596061628364656667686'110 71" 13 741516" 78 79 80

lito« l:EID
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Cards 3 and Following - Input in a format 1 of 8.0, the dollar value of each
year.

NOTE: If number of years is evenly divis ible by 10 (10, 20, etc.),
a blank card must be placed at end of last data card.

uoooooooooo uooooooooooooooooooooooooouooooooooooooooooooooooooooo00[i00000003000
I 1.3 4 5 .6 , 8 9 1011 1113 1415J6 17 1819102122 23J.425 26 2118 29 3~31]2 3~ 343~3637 3~ 3940414243 44 45.~6 4148 4' 50 51 525354 5! 56 5158 59 60 6162636465666768 6J 70 71 12 7J 1415 76 7718 79 80

80: 100~ E.81: 1<1c:2: 200~:: 2121:
.: ",~I J J

u000;,~ 000000,... 000000000000000000000.I.j U0000000000000000000000000000000 f' 00000000000
I 1 3 4 5 Ii 7 8 9 IQ 1112 13 14 15 16111B 19 20 21222324252627282930 JI 32 33 J43~ 36 3138 39 40 414243444546474849 SO 515253 S4 5S 56 5158 59 60 616263646566616863101112 73 741516117819 80

I 1 1 1 1 1 1 1 1 1 ~: 1 1 I 1 1 1 1 1 1 ;]11 1 1 ;p 1 1 1 1 I 1 1 1 1 1 1 1 1 1 1 1 1 I 1 I ;J1 ;11 1 1 I 1 1 1 1 1 1 1 1 1 1 1 1 I 1 1 1 1 I 1 1 1 1 1 1 1 1

2222222222222222222222222222;12 222J222222222222 ~12 ,J 2222222222222222222222222222222

33333~3333333~3333333J3333333~333333~J333333333333J33333333333333333333333333333

4 4 ~ ~ ~ ~ ~ 4 4 4 4 ~ ~ ~ ~ ~ ~ 4 4 ~ 444 4 ~ 4 J4 4 ~ 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 ~ 4 4 4 4 4 4 4 4 4 4 4 ~ ~ 4 4 4 4 4 4 4 ~ 4 ~ 4 4 ~ 4 ~ 4 444

55555555555555555555555555555555555555555555555555555555555555555555555555555555

666666666666666666 ~6 66666 6666666666666666666666666666666666666666666666666666666

1777 7771 77 77777 77 7777 771 777 177 77 77 1 711111 771 777 771 77 77 1 77 7777 77 77 77 7 7777 7 777 77 77

888 8 8888888 88888 8 88888 8 8888888 888888888888 888888888888888F8888888888888

9999999999999999999999999999999999999999999999999999 9999 99 9999999999999999999999
1 2 3 .. 5 Ii 1 0 910111213 U 15 16111819 20 21222324 2S 26 2728 2930 3132333435 3s:n 38 39 4041 424344454&47 4B"950 SI 52 sJ 54 SS 5& 5158 S960l:il 626J6HS61i67 6061 iOTI 72731057611781980

111M l32ID

Additional cases may be run beginning with new title card. Percentages
will remain unchanged. An example is as follows:

4B4:

16
.. - - .i

STAGE Atm otiE HALF" A )
,.: C· ~ ,

I I :J ll] :j -[ '\u;i ,] .J .J .1

PI ~~ 11., .J

1172: 1209:
.1

904:
I

,
.1

o000000[; ~; n0000000000000000;; 00000000000000000000000000000000000000000F00000000000
I 2 3 • 5 6 1 8 9 IG 11 121314151617181920112223242526272829303132333435361138 39 404142 '3444546'7 4849 50 515253545556575859606162636465666768637071 72737415 i6 77 781980

C11111111 fi 111811111111811111 till I 11 I 1 111111111 1 1 1111111111111111111111111 111111 1 1

2222222112 22222222222222222222222222222222222222222222222222222222222222222222222

3333333 3 ~!3 3333333333333 n3 33333333333333333333333333333333333333333333333333333 33

4 4 ~ ~ ~ 4 ~ 4 4 4 ~ ~ 4 ~ 4~~ 4 4 4 4 4444 4 ~4 4 ~ ~u 4 444444444444 4 ~ 4 4 4 4 ~ 4 4 4 4 4 ~ ~ 4 4 4 4 4 4 4 ~ ~ 4 4 ~ 4 ~ 4 ~ n 4 4

.5 5 555555 555~ 55~ 555 ~!~: 555555 555 555 55 55 555 555 555 55555 55555 55555555 555 55555 55 555'555 5

. 6n666666666666666n666666n6666666666666666666666i66666666666666666666666666666666

17777717 71 ~7 77777 77117 71717 771117 7 7117 711771777777777777777777777777777777777777

888888888888888888888~8888~888~88888888888888888888888888888888888FB88888888J888

9 9999999999999999999 9999 9999999 999 9999 999 999 999999 999 999 99999 99999 99 99999 999 99 99
1 2 3 • 5 6 7 8 9101112131415161718192021222324252621282930313233343536 37 3839 '04142434445464H8 4950515253545556515859£0 61626364F.56H7 681'17071 72137051677187980

IBM []QID
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Sample PV And EAV Computer Program Output

PVC!=·200J
.oc
.·00

31·il3
106010
260·82
717'02.

1085.91
10'71.28.

767011
622·86.
513016
474.1+7.
,+11·39
370·50
294·96
227·78
175.82
152.38
102·1+1
47·97
70·47
58.73
48·94
40. 78
33.99

·28032
23.6e
19.67
16.39
13.66
11·38

9.4P.
7·ge
6-59
5·49
4·57
3·81
3·18
c·be::
2·21
1.8 11

1·5?
1·22
1·06

.89

YR C~5T P'I(!=.175l_ CUM PVC!='175] __. '
1 .08 • 00 • 00
2 ·00 '00_.'00
3 55'Co 33·90 33'90
1+ 220'00 .. 115·1+2 _ 11+9_'32
5 61+9'00 289'77 439'09

.6 2141'00. _. 813.56 .. 1252'65
7 3891·00 1258.33 2510'99

__ . 8 1+606.~ 30______.1267 .80 ._ . 3778· 78 . _..
9 3958.10 927.11+ 4705.94

-10- 3856·60--· --- .. 768.82 51+H.75
11 3812.80 646.89 6121'63
12. __ 4230!40 ._ ... 610.8,+ 6732.,+7
13 1+401·60 540·90 7273'37
14. ,+756. 9 0 .1+~n·50 7770'87
15 45 44.50 1+04·50 8175'37
16 4211. 3 0 319'01 81+94'39
17 3 9 00. 8 0 251·1+8 F745'87
18 4056·80_ 222·59 8968'46
19 3271-. 8 0 1;;2.78 9121'24
20 1839.10 .73'09 9194.33
21 32'+2'15 109·66 9303.99
22 3242·15 93.33 9397'31
23 3242.15 79.43 9476'74
24 3242'15 67.60 9544'33
25 3242.15 57.53 %01'86
~6 _.3242'15 __ .. __ 4§.• 96. 9(>50_'_82.
27 3242·15 41.67 9692'49
28_ 32'+2'15 _ 35.46- 9727'9$
29 3242015 . 30'18 9758'1/+
30 .32'+2'15 25.69 9783'82
31 3242'15 21·86 9805'68
32 '32',:".'15 18'60 9324'29
33 32'+::''15 15.83 98'+0"12
3'+ 32'+2'15 13''+8 9853'60
35 3242'15 11·47 9865'07
36 32'+2'~ ')·76 987~'83
37 3?4~·15 2'31 S'R,<j3'13

__:3.&-- _32lt? 'l!? . . 7 _'.07__ 989 0' 20 ..
39 '3?'1:"15 1)'02 Q~96'2?

"0 j,::,(' 01') ; -12 -,901' 34
41 .'J2 1-1:" 1(j 4 <,6 9°05.70
42 32lt2.15 3.719909.4\
,; 3 V l;;; • 15 3.0 6 9912 • 56

--44-- 3242·15--- -2.69- <'')15'2'>
45 321+2·15 2.29 ~;917'51+

46---- __ 3242·15__ . - -1,95.-- 9919'48
47 32'+2'15 1.66 9921'1.4

_,48.3242'15 . __1.41 _ 9922.55
49 3242·15 1·20 9923'75

.__50 .3242_·_15 ._. 1.._02 . .9924.77 .._ .__. . _
155667.62

CUM PV Cl =. 2no]
.00
.00 ­

31·83
137.92
398.74

1115 .76
2201·67
3272.9!t.
4040'05
4662.91 ­
5176'07
5650·54
6061.93
6432·43
6727.39

.. 6955·17
7130. 99
7283.37
7385.• 78
7433.75
750lt.22
7562.9R
7611·89
76$2.68
7686.69
7714. 9~_.__
7738.59
7758.25.
7774.64
778 8 • 30
7799.68
78b9 '17
7817'07
7823·66
7829'15
781:1·72
7837·53

_l8/10·n ...
78/f3.36
7845.56
78 1i7. IIO
78'la.93
7850·21
71;51';;'7
/",52.16

.74 7852.90

.62 7853.52

.51. .7854.03

.43 7854.46
__ .36-. 7854.8~-

.'£QUIVALENT _ANNUAL __

42
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Sample PV And EAV Computer Program Output (Concluded)

YR CO$T PV rI =.175) CUM PV (I •• 125) eV!I=,200J CUM P\/ (I.,200)
1 .00 .00 ·00 .OC .00
2 .00 ·00 '00 .00 .00
3 55'00 33.90 33'9ill 31·1\3 31·83
4 220'00 115.42 1'+9·32 106.10 137.92
5 649'00 289.77 439'0' 260·82 398.7_

_ 6 21'+1'00 813·56 1252'65 717'02 llt5.7~

7 3891'00 12?8.33 2510·99 1085.91 2201.67
8 4606·30 1267·80 3778'78 1071·28 3272.94
9 3958.10 9<;7.14 4705.93 767.11 40~0.05

10 3856'00 768.70 5474'63 622·77 46~2·82

11 3812.80 646.89 6121'51 513·16 51;5.9'
12 4230·40 610·84 6732·313 474·47 56$0.4;
13 4401. 60 540. 90 7273'25 411·39 60~1.83

14 4656. 9 0 4!!7'04 7760'30 362.71 6424.5;
15. 4544.50 404.50 8164·80 294.96 6719.50
16 4211. 30 319'01 8483'81 227·78 691i7.28
17 3900. 8 0 251·48 8735'29 175.82 7123.11
18 4056.80 222.59 8957·88 152·~8 72J5;4~

19 3271. 8 0 152·78 9110'6S 102.41 7317·89
20 1839.10 n'09 9183·75' 47·97 7'+25 • 81
21 3242.15 109.66 9293.41 70·47 7'+96.34
22 3242'15 ~3.33 9386'73 58.73 75$5'02
23 3242'15 79.43 9466'1~ 48.94 76b 4 '01
24 3242'15 67.60 9533·7S 40·]8 76!t4.7'i!
25 3242'15 57'53, 9591'28 33·99 76'8.78
26 3242'15 48.96 9640'25 28·32 770 7 '10
27 3242·15 41·67 968 1.91 23.60 7730·70
28 3242'15 35.46 9717'38 19·67 7750·3~

29 3242'15 30'18 9747'5~ 16.39 7766.76
~o 3242'15 Z5.69 9773'24 13.66 77tlO· 42
31 3242'15 21·86 9795 '11 11·38 7791.80
32 3242'15 18.60 9813'71 9.48 7801·28
33 3242·i5 15.83 9829.54 7.90 78{)9'19
34 3242'15 13·48 9843'02 6.~9 781 5 • 77
35 3242'15 11·47 9854'4' 5.49 7821.26

__ ~6 3242'15 9.76 9861+'25 4.~7 7825.8;
37 3242'15 8.31 9872·55 3.81 78g9 .65
38 3242'15 7'07 9879'62 3·18 78~2.83

39 3242015 6'02 9885·64 2·65 7835.47
40 3242 0 15 5'12 9890·78 2·21 7837.68
41 3242.15 4.36 9895'12 1·84 7839.52

__ Jtz__ -.32~.15-_ 3.71 9898.81 1.. 53- 4U1 .. 05
43 3242·15 3'16 9901·99 1·28 781i2.3~

4.4 32112·15 2'69 9904.67 1'06 78i3.39
45 3242·15 2·29 9906.96 '89 7844·28
46 _ 3242'15 1·95 9908'90 .74 78lt5·0~

47 3242·15 1·66 9910'56 .62 78;'5.63
__ ~.8__ 3242'15 1·41 9911·97 '~1 78i6·U

49 3242·15 1·20 9913'17 .43 7846.57
50 _ 3242'15 1'02 9914'19 .36 781i6.9~

155.567.02

.. f;.Ql,.lj VAL.ENl ANN\;AL 1735'53 1559.59
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